We present a mathematical model of the coupled aqueous humor -iris system that accounts for the contribution of aqueous humor flow and passive iris deformability to the iris contour. The aqueous humor is modeled as a Newtonian fluid, and the iris is modeled as a linear elastic solid.
Introduction
Glaucoma affects millions of Americans and is the second leading cause of blindness worldwide [1] . As a result, there has been much experimental and clinical research on glaucoma [2] . It has only been in the last thirty years that theoretical models have been developed to study glaucoma. While there are still computational limitations in the level of complexity possible when 5 modeling the eye, we present a natural extension of the previous theoretical work, especially that of Tiedmann [3] and Friedland [4] . The new model predicts the flow profile of aqueous humor through the anterior eye and the contour (or displacement) of the iris resulting from both the pressure drop and the shear stress due to that flow.
Aqueous humor (AH) is the transparent fluid that circulates through the anterior chamber 10 and provides nutrition for avascular ocular tissues (i.e., the lens, cornea, trabecular meshwork, and anterior vitreous, see Fig. 1 ). The AH is actively secreted by the ciliary processes into the posterior chamber, passes through the pupil, enters the anterior chamber, and eventually exits, primarily through the trabecular meshwork. The uveoscleral outflow route near the trabecular meshwork accounts for less than 20% of the total outflow [5] . The third possible exit route, 15 accounting for a small fraction of the outflow of AH in healthy eyes, is through the vitreous gel and retina [6] , which is immediately posterior to the lens and the posterior chamber. AH is secreted at a rate of approximately 1.5-3.0 µL/min, which results in a residence time of approximately 100 minutes [7, 8] . All but a small fraction of AH production is by a secretory process that is independent of the pressure in the eye, the remainder of AH is produced by 20 ultrafiltration [9] . If the trabecular meshwork is obstructed, or if a displaced iris prevents access to the trabecular meshwork, the intraocular pressure (IOP) increases due to sustained AH production, often causing glaucomatous damage to the optic nerve.
The contour of the iris and its position in relation to the other structures in the anterior chamber are significant in many forms of glaucoma [10] . Clinical observations of the iris contour 25 changing after the iris is dilated [11] and after laser iridotomy (i.e., burning a small hole in the iris with a laser) [12] support the hypothesis that passive mechanical interaction of the AH with the iris significantly influences the contour and position of the iris. In order to assess this hypothesis, one must determine whether the AH flow is sufficient to drive the observed changes in iris contour.
The small size of the anterior chamber, the low AH flow rate, and the difficulty in sampling inside the living eye impede experimental measurement of AH flow. Tracer substances 5 have been used to measure the rate of AH flow, but these measurements are difficult to interpret for two reasons. First, the rate of AH production by the ciliary processes varies by a factor of two over a 12 hour period [13] . Second, diffusion contributes significantly to the total tracer flux in the anterior chamber (P clet number is order 1). Tracer methods have been shown to be effective in measuring the total rate of AH flow, but not valuable in determining the flow pattern 10 of AH in the anterior segment [14] .
The first hydrodynamic model of AH flow in the posterior and anterior chambers was developed by Friedland [4] . This model assumed that all the tissues in the eye were rigid and not affected by the flow of AH. The geometry of the eye was also simplified so that an analytical solution to the Stokes equations could be obtained in the anterior and posterior chambers (flow 15 through the pupil was ignored). Tiedeman [3] solved for the contour of the iris by modeling it as a pressure relief valve. In the Tiedeman model, the edges of the iris were fixed, tension was placed on the iris at the inner radius, and there was uniform pressure acting on the lower surface. The Tiedeman model assumed that iris is infinitely thin and ignored the flow of AH.
We present herein a model that extends the previous work by accounting for the coupling 20 between aqueous humor flow and passive deformation of a finite-thickness iris. This more complex model necessarily requires a more detailed physical description of the anterior eye, including aqueous humor and iris properties and specification of the various boundary conditions associated with healthy and diseased eyes.
Model Development
Aqueous humor has a density, ρ, of 1000 kg m -3 [15] 
where v is velocity and P is pressure. The form of Eq. (2a) is the form actually used to solve the problem because it allows natural incorporation of total normal stress boundary conditions [17];
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Eq. (2b), the more commonly written form, is equivalent in the case of incompressible flow and is included for clarity. The transient term, dv/dt, is included in the model even though the Reynolds number is small because some ocular events, such as blinking, happen on short time scales.
Experiments on the bovine iris have shown that the tissue is incompressible and linearly elastic under small deformations with a Young's modulus, E, of 27 kPa in the radial direction [18] . These 20 measurements support the use of the incompressible linear elastic equations to model the iris:
where u is displacement from the rest position, and Eqs. 
Boundary Conditions
The model domain is shown in Fig. 2 . Most of the dimensions used in the model are based on the ultrasound biomicroscopy measurements of Fontana and Brubaker [8] . Additional dimensional information is based on the ultrasound biomicroscopy work of Thijssen [19] and
Sokol et al. [20] . The boundary conditions used to describe the normal eye follow, along with 15 modifications to account for variation in properties and for pathological cases.
Normal Eye
Both the trabecular meshwork and the vitreous gel are treated as rigid penetrable boundaries. Thus, the tangential velocity of AH at these boundaries is set to zero (no slip). The following equation gives the relation between the normal velocity and the pressure at the 20 trabecular meshwork [21] :
where v n is the normal velocity, P Outlet is the pressure in the AH at the outlet, A Outlet is the area of the trabecular meshwork, and µ is the viscosity of the AH. The venous pressure, P vein , is estimated to be 1.2 kPa (9 mm Hg, [22] ), typical values for the human eye [21] .
A simplified version of Eq. (5) is used to set the velocity through the posterior outflow pathway.
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The hydraulic conductivity of the posterior pathway, C PP , includes the resistance of the vitreous, retina, retinal pigment epithelium, and sclera. There currently is little information on posterior flow in a normal eye, presumably due to the insignificance of the flow and the difficulty in measuring the flow due to active transport across the blood-retinal barrier [23] . Maurice [24] argued that based on movement of tracer from vitreous into the anterior chamber, the fluid in the vitreous 15 body is approximately stagnant. Araie et al. [25] reported that systemic acetazolamide generated a small posterior flow through the vitreous equivalent to 1-2% of the total aqueous flow rate. The normal stress along the inlet is set to zero so that the pressure is properly scaled in the problem. The IOP in the eye is calculated by including the constraint that the inlet flow rate be 25 equal to 2.5 µL/min (i.e, a constant inlet flow rate). In the human eye, the flow rate of AH is reduced at elevated IOP by approximately 0.5% to 1% per mm Hg [27] , but this effect is not included in the model. As the conductivities of the outflow pathways are changed, both the IOP and the corneal position change so that the aqueous humor can continue to flow into the eye at a constant rate, as has been observed clinically [28] . The IOP is largely determined by the permeability of the trabecular meshwork and the posterior pathway, but resistances to flow 5 between the iris and lens as well as throughout the anterior eye are included in the calculation.
The cornea is extremely stiff, permitting it to be modeled as a shell. The edges of the cornea are assumed to be fixed at the periphery, so we neglect radial displacement of the cornea. Axial (i.e., anterior/posterior) displacement is calculated by approximating the cornea as a spherical elastic shell [29] :
where L cornea is the thickness of the cornea, P 0 is the IOP at which the cornea is not displaced from the normal position (assumed to be 15 mm Hg) and R cornea is the radius of curvature for the cornea. The Poisson's ration, ν, of the cornea is assumed to be 0.5 [30] . The Young's modulus, 15 E, of the cornea is set to 10.3 MPa [31] causing the axial displacement, u z , to be small for the problems of interest here. It is common to describe the stiffness of the cornea-sclera shell in terms of ocular rigidity, but the ocular rigidity reflects the stiffness of the weakest part of the cornea-sclera shell and for this reason we use Eq. (7) with the experimentally measured modulus for the cornea. For situations in which there are large deformations of the cornea,
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(e.g., radial keratotomy, LASIK) the biphasic and viscoelastic nature of the cornea are important, and Eq. (7) cannot be used as an approximation [32] . The sclera is not included in the model, but the cornea shell could be extended using the appropriate modulus and radius for the sclera.
The peripheral attachment of the iris is treated as fixed (i.e., no displacement). The displacement of the iris is calculated by setting the viscous traction in the fluid equal to the elastic 25 traction exerted by the iris at the iris-AH interface. The velocity of the AH at the surface of the iris is set equal to the velocity of the iris (i.e., no slip). Similarly, the velocity of AH along the surface of the lens is set equal to the velocity of the lens (normally zero). The lens capsule is quite stiff (E ≅ 20 MPa, [33] ), and the position and contour of the lens are generally controlled actively, so we treat the lens as uninfluenced by aqueous humor dynamics and prescribe its position/movement.
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The zonules are the fibers connecting the lens to the ciliary body. Because of space between them, individual zonules cannot be included in our axisymmetric model. Resistance to flow caused by the zonules is lumped into the posterior flow permeability parameter, C PP . The position of the zonules within the eye can be estimated from ultrasound biomicroscopy (e.g., Pavlin et al., [34] ), so the distance between the zonules and iris could be calculated.
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Miosis
The pupil diameter can vary from 1 mm to 9 mm in the human eye [35] . The diameter in the model is normally 3 to 4 mm. Additional finite element meshes were created in which the pupil diameter was reduced to 1 mm and 2 mm and increased to 6 mm. For this work, we only solved steady state problems and did not consider the transient behavior during miosis/dilation. Even 15 though the modulus of the iris may change during miosis, a shear modulus of 9 kPa is used for all pupil diameters due to the lack of experimental data available to quantify the change.
Blinking
The human blink lasts for approximately 200 ms [36] . Men blink approximately every 2.8 s, and women blink slightly less than every 4 s [37] . Blinking is modeled by applying a 20 compressive normal stress along the cornea and trabecular mesh for the duration of a blinking. This is accomplished by adding a negative stress term to the left-hand side of Eq. (7). The magnitude of the normal stress is based on measurements of the intraocular pressure in rabbit eyes during a blink. Percicot et al. [38] measured a pressure increase of 2.0 kPa during a blink.
Previously, Collins [39] measured pressure changes as high as 9.3 kPa in rabbit eyes but stated 25 that these were extreme instances.
Iris Bomb
The model for the normal eye can be modified to represent various diseased conditions. For example, iris bomb occurs when an inflammatory membrane seals the iris to the lens near the pupil margin [40] . Since iris bomb clearly involves passive deformation of the iris, it was chosen as a test case for our simulation. In theory, the pressure in the posterior chamber could 5 be very high (> 50 mm Hg) depending on the conductivity of the posterior pathway, and the pressure at the outlet could be as low as the venous pressure (1.2˚kPa or 9 mm Hg). However, it is unlikely that the pressure difference between chambers could ever be this great because that would require a perfect seal between the iris and lens. Our objective in modeling iris bomb is to estimate the pressure difference between the anterior and posterior chambers required to 10 achieve the extreme anterior displacement visible in ultrasound biomicroscopy. There are a large number of unknowns involved in modeling this condition, including the change in outflow resistance due to the displaced iris, the conductivity of the posterior pathway (which becomes more important as the posterior chamber pressure increases), and the resistance to flow between the iris and lens. Rather than focus on those issues, which largely determine AH flow 15 but not iris contour, we chose to test our model by concentrating on the iris contour, which depends almost exclusively on the pressure difference between the posterior and anterior chambers.
To model iris bomb , the iris tip is fixed in place next to the lens. Since the displacement of the iris is almost entirely determined by the hydrostatic pressure differences between the 20 chambers, the AH flow is set to zero between the iris and lens to simplify the problem. The pressure at the inlet is set to zero for scaling purposes, and the pressure at the outlet is varied until the desired iris curvature is achieved. The fixed pupil margin and eliminated AH flow essentially reduce our model to Tiedeman s model (except that our model uses a finite-thickness iris).
Numerical Solution
Finite element meshes (e.g., Fig. 3 formulation. The velocity of the AH, the displacement of the iris, and the displacement of the pseudo-solid are described by piecewise biquadratic basis functions; the pressure is described by piecewise linear basis functions. The linear problem associated with each Newton step is solved iteratively using the incomplete-LU-preconditioned GMRES method [42] .
Transient phenomena (such as blinking) are modeled using the implicit Euler method.
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Thus, the no-slip condition between the AH and a moving tissue is given by:
The time step used depended on the time scale of the phenomena under study. In general, we found that a time step of 10% of the characteristic time scale was sufficient (i.e., the simulation results did not change significantly with temporal refinement). For blinking, which occurs over 20 tenths of a second, ∆t = 0.01 s was used.
Results
Normal Eye
An ultrasound biomicrograph of the peripheral iris [43] for a healthy eye (Fig. 4a) shows clearly the angle between the iris and cornea in a healthy eye. Figure 4b is an ultrasound taken at an off-axis angle, which shows the proximity of the iris to the lens near the pupil. The resolution of an ultrasound biomicrograph (c. 50 µm, [44] ) is not sufficient to resolve the space between the iris and the lens. Since the AH flows between the iris and lens, they cannot be completely in contact, but the distance is less than 50˚µm based on the ultrasound measurements.
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The corresponding model result for a healthy eye based on the boundary conditions given above is shown in Fig. 5 , with the flow pattern through the pinch between the iris and the lens included as an enlargement.
Marchini et al. (1998) defined the apparent iris-lens contact distance to be the radial distance from the pupil margin to the point at which separation between the iris and the lens was for an AH flow rate of 2.5˚µL/min and an iris shear modulus of 9 kPa. Clinical measurements of the IOP in healthy eyes are typically 1.7 to 2.3 kPa (13 to 17 mm Hg) [46] . The pressure drop between the anterior and posterior chambers is 31.2 Pa (0.23 mm Hg), negligibly small compared to IOP.
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Many of the parameters in the model were estimated from incomplete or circumstantial data, so we explored the model sensitivity over a reasonable range of values. Well-established parameters (e.g., aqueous humor viscosity) were not included in the sensitivity analysis.
Specifically (see Table 1 ), trabecular permeability, posterior pathway permeability, iris stiffness, and aqueous humor flow rate were varied.
Miosis
Increasing the pupil diameter has little effect on the results since the thicker iris (N.B., the 5 iris is incompressible) is less flexible, and the iris is further from the lens. The effect of constricting the pupil to 2 mm, however, is more significant, as seen in Fig. 6 . The pressure drop between the anterior and posterior chamber is increased to 50.5 Pa (0.38 mm Hg), and the iris contour becomes more convex. The minimum iris-lens distance is 4.8˚µm, and the iris-lens gap is less than 50 µm for a distance of 0.69 mm. The effects of miosis are even more dramatic when 10 the pupil diameter is decreased to 1 mm. The pressure difference between the chambers becomes 58.9 Pa (0.39 mm Hg), and the minimum iris-lens distance is increased to 8.4 µm. The apparent iris-lens contact length in increased to 1.13 mm, and the maximum velocity in the eye reaches 2.2 mm/sec.
The model predicts an increase in the apparent iris-lens contact as the pupil diameter 15 decreases. At a pupil diameter of 6 mm, for example, the model predicts only 0.38 mm of apparent iris-lens contact, but at a diameter of 2 mm, the distance is reduced to 0.69 mm. Woo et al. [47] measured the apparent contact distance under light and dark conditions in eyes with pupillary block. In dark conditions, the distance was 0.350 ± 0.020 mm, and in the light, the distance was increased to 0.693 ± 0.035 mm.
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Blinking
The predicted IOP during blinking is shown in Fig. 7 . When the normal stress caused by the eyelid is removed immediately after blinking, the IOP experiences a minimum due to the forward movement of the cornea. The IOP increases until the inlet and outlet flow rates are again equal. The maximum velocity of the fluid near the cornea during a blink is approximately 1˚x Iris Bomb results in an extreme anterior bulging of the iris, which can be observed clearly using ultrasound biomicroscopy (Fig. 8a , from [40] ), and a corresponding rise in IOP. We found that a 1.3 to 2.0 kPa (10 to 15 mm Hg) pressure difference between chambers (corresponding to severe but not total pupillary block -see Discussion) captured the basic 5 contour of iris bomb . The iris contour predicted by the model (Fig. 8b) 
Discussion
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The difficulties associated with experimentally determining the flow pattern of the AH are well documented (e.g., [13] ). We have developed a mathematical model of the anterior segment that enables theoretical investigation of the passive mechanical interaction between AH and iris.
Simulation of a normal eye shows the iris being displaced by the AH as it circulates through the anterior segment. The model predictions of iris contour and apparent iris-lens contact distance 20 agree well with published ultrasound biomicroscopy results. The iris displacement is primarily a function of the aqueous flow rate, trabecular meshwork permeability, the permeability of the posterior pathway, and iris modulus. As Table 1 demonstrates, the model results change in a logical way when these parameters are varied.
Blinking is modeled by applying a normal stress along the cornea. Because the model is difference between the anterior and posterior chambers in eyes with iris bomb has not been previously measured, but estimates are possible using the model described here. The smallest possible pressure difference necessary to achieve the dramatic iris contour observed in ultrasound images is 1 kPa (7.5 mm Hg). The pressure difference in the normal eye is 31 Pa according to the model. The 30-fold increase in pressure difference corresponds to a 97% 20 reduction in facility through the pupil margin. Since flow rate through a narrow slit goes as the cube of the slit width, even a relatively small amount of contact could cause the dramatic drop in facility. If, for example, 10% of the iris at the pupil margin were actually attached to the lens, and the other 90% were held so that the gap width between iris and pupil dropped by a factor of 3 from the normal case, the result would be a 30-fold increase in the pressure difference 25 between the anterior and posterior chamber. Of course, such an effect would not be axisymmetric (since the iris would be attached at some points and not others, but our simplified model does allow us to consider iris bomb in a spatially-averaged sense.
The results of Figures 5 and 6 allow us to compare our model with the previous work of Tiedeman [3] . We first assess whether our inclusion of shear stress and non-uniform pressure within the chambers (neglected by Tiedeman) has a significant effect on iris contour. As can be 5 seen in Figures 5 and 6 , the pressure is essentially uniform in each chamber, validating
Tiedeman s assumption. From the expanded view of the pinch in Figure 5 , we can estimate a maximum shear rate of (1 mm/s) / (10 m) = 100 s -1 , which for aqueous humor corresponds to a shear stress of approximately 0.1 Pa. Since the pressure drop between the chambers is on the order of 30 Pa (Table 1) , we conclude that, at least under normal conditions, shear stress from 10 the aqueous has a negligible effect on iris contour.
We observe, however, that Tiedeman s model did not account for finite thickness of the iris, nor for the coupling between the aqueous humor flow and the pressure difference between the chambers. Since Tiedeman s model required specification of the pressure difference and of the point of contact between iris and lens, the effect of, for example, changes in AH flow rate 15 could not be calculated directly. One might incorrectly assume (following Friedland [4] ) that the gap between the iris and the lens does not change significantly, which would imply (because of the linearity of the fluids problem) that the pressure difference between the chambers is proportional to the AH flow rate. In fact (Table 1) encouraging. In the future, we hope to examine demographic variations in domain geometry,
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which are correlated with demographic risk factors for different types of glaucoma [1] .
A major simplification made in this analysis is that the eye is axisymmetric. The eye is nearly symmetric about the center axis, although it does have a slight asymmetry due to the location of the pupil [35] . The zonules break the symmetry of the eye, but they are approximated as a thin, permeable sheet instead of individual fibers. In addition, the characteristic shape and Peripheral laser iridotomy (PI), in which small holes are burned through the iris, has been used to treat pigmentary [12] and acute angle closure glaucoma [48] . The iridotomy breaks the natural symmetry of the iris, so a fully three-dimensional model will be necessary to simulate this treatment. Since the primary effect of PI is to reduce transiridal pressure drop, the treatment will 25 be an excellent subject for our model once we have extended to three dimensions. The development of a 3-dimensional model is possible, in part, because of the ability to obtain 3-dimensional ultrasounds of the eye [49] .
The other major limitation of the model is that it includes only a portion of the eye. As a result, it is unable to account for many phenomena that are important in ophthalmic health and disease. Aqueous misdirection, for example, involves significant changes in the posterior eye. The mesh is deformed slightly due to the movement of the iris. 
Fig. 7
The model prediction of IOP in a normal eye during blinking with every third time step shown. The blinking rate is set for every 2.8 sec., typical for males. The inset shows that there is a small, steady pressure rise between blinks. 
